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A preliminary numerical model for erosion at the flow-soil interface based
on the sediment transport model
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ABSTRACT: In recent years, using numerical methods to calculate fluid-particle interaction has become
a new trend in scour research. To simulate the flow field and soil particle movements during scour, the trad-
itional Euler equation and the sediment transport model were combined under the condition of single-phase
flow in this study. Based on the assumptions and theories of Engelund and Bagnold, the whole calculation
process from the particle initiation to the final deposition is completed. Through the sediment transport model
and particle movement analysis, the topographic parameters of the grid can be updated, and the iterative cal-
culation of the water-soil interface is realized. Using the above numerical model, the erosion process can be
calculated under various test conditions, and the results can be validated by the test data. Finally, the param-

eter sensitivity of the model has also been discussed.
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1 INTRODUCTION

Local scour under the condition of current is
a typical physical phenomenon in water conservancy
projects, which is common in projects such as
wading bridges and offshore wind turbines. More
than half of the bridge water damage problems are
related to scour in recent years, which has also
caused more and more scholars to pay attention to
the scour problem (Seren, 2013; Escobar, 2018;
Wang, 2017; Melville, 2000). Many experimental
studies on this problem have been carried out (Ma,
2018; Liang, 2020; Lagasse, 2007). The flow struc-
ture in the local scour hole has been investigated
using laboratory experiments, and the water flow’s
attenuation law around the foundation with the
development of scour was obtained by scholars such
as Rajaratnam (1977), Melville (1977), Graf (2002),
Karim (2000) and Lodpez (2008). To further clarify
the scour mechanism under different water flow con-
ditions, Dongol (1994) explored the law of scour
evolution under the conditions of live water through
flume tests, and the results are consistent with the
test results of Chiew (1984) and Baker (1986).
While Yang et al. (2010) conducted laboratory
experiments on the phenomenon of river bed coars-
ening under the condition of clear water.

Although laboratory tests can effectively simulate
on-site scour conditions to a certain extent, which
intuitively shows the scour results under different
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working conditions, there are still shortcomings,
such as time-consumption and high requirements for
on-site equipment. It is worth noting that when the
particle size of the soil is small, the water flow is
prone to turbidity after scour occurs, which brings
difficulties to observing the scour results. Therefore,
numerical simulation can be a good choice as the
research method for multi-condition analysis. The
research results can be divided into two aspects: (1)
Combining the standard k-¢ turbulence model and
Navier-Stokes equation to realize the numerical
simulation of the three-dimensional complex flow
field. The instantancous change of the riverbed cle-
vation coordinate during the scour process can be
obtained (Zhou, 2016; Wang, 2014; Zhang, 2020;
Zhu, 2011). (2) Exploring the local sediment trans-
port situation based on the sediment initial motion
theory (Einstein, 1942; Engelund, 1976a; Laursen,
1998; Wu, 2002). The above two studies mainly
focused on the complex flow fields and sediment
transport and carried out scour analysis and predic-
tion based on the instantaneous results. However,
these studies did not establish the relationship
between flow, particle migration, and scour develop-
ment, which considers the dynamic evolution of the
erosion process. Meanwhile, most of the existing
theoretical calculations and numerical analysis
methods only consider the erosion effect of the flow,
while the particle accumulations after the initial
movement are usually ignored.



This research aims to establish the connection
between water flow, particle migration, and scour
development under a three-dimensional flow field.
A preliminary numerical model for erosion at the
flow-soil interface based on the sediment transport
model is proposed. The effects of water erosion and
particle accumulations on the riverbed elevation are
comprehensively considered. Finally, taking the
simple scour resistance test as an example, the numer-
ical model was validated by previous SSRT results.

2 THEORETICAL MODEL

2.1 Flow field governing equation

The governing equations for fluids can be divided
into continuity equations and motion equations.
Among them, the continuity equation establishes an
equal relationship between the sum of the inflow
mass of the control surface and the mass increase in
the control body from the perspective of mass con-
servation. According to Gauss’s theorem, it can be
written as the following tensor form:
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where p is the fluid density, u; is the flow velocity,
t is the time.

The conservation of momentum is then used to
calculate the fluid motion equation. For the conveni-
ence of calculation, it is usually assumed that the
fluid is incompressible Newtonian fluid flow, and its
motion equation is called Navier-Stokes equations
(abbreviated as N-S equation). The ideal fluid
N-S equation is used in this study, namely Euler’s
equation:
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where u, v, w are the flow velocity components in
the x, y, z-axis directions, respectively.

2.2 Plane sediment transport equation

The first step in the sediment calculation model is to
judge the initiation of the surface particles under the
calculated flow field conditions. So it is necessary to
conduct a force analysis. Affected by water flow,
surface particles are mainly subjected by drag force
Fp, upward force F;, and gravity W (Einstein, 1942;
Laursen, 1998). The initial movement occurs under
the combined action of the three forces, and the cal-
culation expressions are as follows:
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where Cp is the drag coefficient, C; is the uplift
coefficient, u, is the flow velocity acting on the sur-
face of the river bed, D is the particle size, y, is the
dry unit weight, and y is the unit weight of soil.

When the instantaneous drag force, Fp, is greater
than the particle interaction force, the surface par-
ticles will occur initial movement, which can be
judged according to the following equation:

Fp=f-(W—F)=(W—F,) ang (6

where ¢ is the underwater repose angle of the sur-
face particles.

After the initiation, the surface particles are con-
tinuously eroded by flow and transported down-
stream. At this moment, the scour begins to occur.
To realize the quantitative calculation of the scour
development process, the formula of sediment trans-
port rate proposed by Engelund (1976b) is used to
calculate the particle loss. Then the relationship
between the elevation of the riverbed and the particle
migration can be established. When calculating sedi-
ment transport, Engelund simplified the sediment
particles into spheres. There are 1/D* sediments in
the unit area at this time, and it is assumed that p%
of them will undergo initial movement. So, the
moving sediment number for per unit area » is:

p
n = E (7)

Eq. (8) shows the formula proposed by Engelund,
which can calculate the sediment transport rate.
Combining calculation assumptions, n and u;, are the
critical parameters in theoretical and numerical cal-
culations. Meanwhile, n is used to calculate the
deformation of mesh nodes, and uy is for particle
migration. The drag force, Fp, and friction resistance
of the particles, Fy, after the initial movement, can
be calculated according to Eq. (9) and Eq. (10).
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where g, is the unit sediment transport rate and i, is
the initial velocity of particle movement, £ is the
friction coefficient, and a,U= reflects the flow vel-
ocity at which the bed load moves near the bed sur-
face. If the distance from the bed surface when the
bed load moves are about twice the particle size, the
recommended value range for a, is [6,10].

When the scour reaches the equilibrium state, the
drag force is equal to the friction force, Eq. (9) and
Eq. (10) can be combined:

where, @, is equivalent to the water flow intensity
value corresponding to the condition that the surface
particles just no longer move (u,= 0), which can be
connected with ©@,; @ is the flow intensity parameter,
which can be calculated as follows (Albertson, 1958):
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where 7, 1s the shear stress of flow.

In particular, the intensity of the water flow when
the surface particles just reach the initial motion con-
ditions is recorded as @.. Then Eq. (12) can be fur-
ther derived that:
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After establishing a connection based on the
measured data, Eq. (11) can be written as the follow-
ing equation:
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On this basis, combined with the concept of Bag-
nold (from the perspective of energy) (Bagnold,
1966), the shear stress 7, of the sand-laden flow is
composed of two parts, the particle shear force 7 and
the flow shear force 7’ of the static riverbed, and it is
considered that the flow shear force 7’ is equal to the
initial shear force 7. of the sediment particles. The
particle shear force is generated by particle friction,
which can be obtained from Eq. (15):
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From this, the moving sediment number for per
unit area » and the local grid elevation change 4H
can be derived:

1= g (0-0) (16)
- % (0-0,) (17)

2.3 Inclined plane sediment transport equation

However, the actual riverbed conditions are not
ideally flat. Furthermore, with the occurrence of
scour, the riverbed topography will continue to
change. The scour calculation method derived in the
planar state often cannot meet complex topographic
changes. So it is necessary to derive the calculation
formula on the slopes. It is worth noting that, unlike
the movement in a flat state, particle movement
under slope conditions is more complicated (as
shown in Figurel). It is no longer a simple linear
motion but should be considered in several stages
for analysis.

In the derivation of the plane condition, the com-
ponent force of the particle gravity along the water
flow direction is ignored. When the river bed condi-
tion is a slope, the existence of the gravity compo-
nent will promote the initial movement of the
particles, which will affect the subsequent develop-
ment of scour. In order to clarify the particle move-
ment under slope conditions, this study established
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Figure 1. Schematic diagram of particle movement on
a slope.



a standard particle slope force model. The force ana-
lysis diagram is shown in Figure 2. It is assumed that
the slope angle is 0, the particles will initially move
along the direction at an angle of a to the horizontal
axis of the slope under the action of the water flow.
Affected by the slope angle and the current direc-
tion, the drag force and the gravity will form
a component force, F, with a certain angle with the
horizontal axis. The equation for determining the ini-
tial movement of particles at this time is as follows:

Fp=(Wcos0 —Fy) -tanp (18)

Similarly, the calculation formula of the moving
sediment number for per unit area » and the local
grid elevation change AH also needs to be modified:
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Eq. (19) and Eq. (20) can calculate the erosion
depth after the surface particle eroded by the flow.
However, the sedimentation will also affect the final
elevation of each grid node when the scour reaches
the equilibrium status. To determine the impact of
particle sedimentation on the scour development, it
is necessary to analyze the subsequent movement of
particles after leaving the soil surface. It can be seen
in Figure 1 that when the riverbed is in a slope state,
the particles can be roughly divided into two stages
after the initiation. In the first stage, called the
ascending stage, the particles continue to move with
the flow after leaving the soil surface but slowly
deposit due to gravity. In the second stage, which is
called the falling stage, the particles fall to the soil
surface, and the particles show a state of near-
surface motion. Limited by force between the
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Figure 2. The force analysis diagram.

particles, the particles quickly reach a stable equilib-
rium state. For the convenience of analysis, the
water flow velocity and particle movement velocity
are decomposed into Us,, U, u, and u, along the
x-axis and y-axis. When the particle starts on the
inclined plane, the component of particle motion vel-
ocity along the z-axis is recorded as u.. When the
particle movement is in the first stage, it can be
known from the momentum equation:
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Specially, the transformation of partial differential
equations can be considered:

du, 1dz u,
=———— 23
dt tdt t (23)

Eq. (23) can be used to transform Eq. (21) into
a differential equation related to displacement and
time. Through iterative calculation, the movement
state of the particles along with the x and
y directions when the particles sink to the surface of
the soil can be calculated. The movement of the par-
ticles enters the second stage, and the momentum
equation at this time is established:

(24)
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where, Fyand F_y are the component of resistance
along the x- and y-axis, which can be calculated as
follows:

Pty ) fcosh-si
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Combining Eqgs. (25) and (23), iteratively solve the
displacements in the x and y directions to determine
the coordinates of particle accumulation. Then using
Eq. (20) to calculate the elevation change, which real-
izes the dynamic update of the grid node elevation.
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3 CASE ANALYSIS AND MODEL
ESTABLISHMENT

3.1 Simple Scour Resistance Test (SSRT)

As a new type of test method for studying meso-scour
(Wang, 2018), the simple scour resistance test has dra-
matically alleviated the drawbacks of the flume experi-
ment due to its convenience and time-saving process.
Through the rotation of the blade, different local flow
field conditions can be simulated. With the test results
for various soil conditions, the performance of differ-
ent soil properties is obtained. To validate the accuracy
and applicability of the theoretical model and numer-
ical calculations, we selected SSRT experiments as
a example because it involves the results and pro-
cesses of both erosion and deposit. The test device
comprises the following three parts: power device,
transmission device, and sample container. The sche-
matic diagram of the structure is shown in Figure 3.
The device effectively simulates the actual flow field
conditions during scour, and restores soil erosion and
particle migration. The inner diameter of the sample
container is 90mm, the total height is 128mm, and the
thickness of the soil sample in the container is 40mm.
The blades used are 76mm wide and 22mm high. The
speed range is 0-150r/min, and the corresponding
simulated flow velocity range is 0-0.6m/s.

3.2  Model establishment and calculation process

Unlike the flume tests, this method also has apparent
mesoscopic particle erosion and accumulation phe-
nomena. In order to simulate the SSRT experiment
well through the model, the deposition of particles
needs to be considered. which is rarely considered in
traditional methods. However, the scour theory pro-
posed in the previous section satisfies the numerical
calculation requirements of SSRT well.

The numerical calculation simulated four soil sam-
ples with a median diameter of 0.075mm, 0.25mm,
0.5mm, and 2mm under the conditions of the rotation
speed of 70r/min and 90r/min. To simplify the
description, take the speed condition of 70r/min as an
example to introduce the overall modeling calculation
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Figure 3. SSRT setup (Wang 2018).
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process. This study mainly focuses on calculating
local scour using the sediment transport formula,
which does not have such high accuracy requirements
for complex flow fields. Therefore, in order to
improve the calculation efficiency, combined with the
theoretical basis of the previous section, numerical
calculations are carried out using coupled modeling
of COMSOL and MATLAB. The schematic dia-
gram and meshing of the COMSOL model are
shown in Figure 4. The k-& model in COMSOL is
used to calculate and update the real-time flow

Coupling modeling
by LiveLink

(b) Meshing result

Figure 4. Model building and meshing result.



field. In each iterative calculation, for the flow field
calculation results of COMSOL, the movement cal-
culation of sediment particles is realized through
MATLAB. After obtaining the instantaneous riv-
erbed elevation changes, the model parameters can
be adjusted through the LiveLink module. As
shown in Figure 4(a), the red dashed area is the
coupling modeling area. The numerical model is
established as a 1/4 prototype model, which max-
imally reduces the calculation time.

A grid is the basis of numerical simulation calcu-
lation. Grid division determines the division of the
calculation domain and the degree of dispersion of
the control equations, and its scale determines the
stability and accuracy of the calculation. Therefore,
the division of the grid is essential in numerical
simulation. In particular, the flow field around the
blades in this simulation is very complicated, which
puts higher requirements on the grid division. As
shown in Figure 4(b), in order to ensure the accuracy
of the calculation results, the meshes of the model
boundary and the surrounding area of the blade are
locally refined.

Figure 5 shows the numerical calculation results
of the local flow field calculated in one iteration. The
cross-sectional flow field distribution is shown in
Figure 5(a), while Figure 5(b) shows the flow field
distribution of the sidewall. It can be seen that there
is an apparent secondary flow phenomenon in the
cross-sectional flow field under the action of the
blade rotating. The sidewall flow field presents
a band-like diffusion distribution from the center to
the upper and lower sides. Such calculation results
are highly consistent with the previous research
results of many scholars (Zhang, 2020; Einstein,
1926), verifying the reliability of the flow field cal-
culation results to a certain extent.

The flow field conditions calculated by COMSOL
are used as the initial flow field conditions, and the
scour theory mentioned above is used to realize the
iterative calculation of the scour process. Figure 6
shows the shape of the scour result drawn based on
the scour calculation results after one iteration.
Affected by the secondary flow, particles eroded by
the flow continue to gather into the central area of
the intermediate device. Apparent zoning phenom-
ena (eroded area and deposition area) appeared in
the scour pattern, consistent with the experimental
observation results (Wang, 2018). As the scour iter-
ation progresses, erosion and accumulation phenom-
ena continue to develop and appear as an apparent
hat shape at last.

4 RESULTS AND ANALYSIS

4.1 Influence of particle size

Figure 7 shows the scour development curve of the
numerical simulation and the SSRT test of soil with
different particle sizes under rotation speed of
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Figure 5. Flow field calculation results.

70rpm, where Figure 7(a) compares the result of ero-
sion depth, and Figure 7(b) for the deposition height.
Since the flow field conditions in the numerical cal-
culation are all instantaneous loading, which
assumes that the water flow velocity reaches the test



Figure 6. Scour simulation results after one iteration.
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Figure 7. Scour development curve of numerical simula-
tion and SSRT at 70rpm.

requirement of 70rpm at the beginning of the test,
the numerical simulation curve develops rapidly
from 0s. However, there are specific differences in
actual test conditions. After the blade rotates, the
flow field conditions will slowly generate the
expected conditions. As the flow velocity increases,
only some of the particles have initiated. Therefore,
the initial slope of the test curve is delayed than the

numerical results. This phenomenon is more appar-
ent in the case of large particles than small ones.
With the continuous development of the scour depth,
the intensity of the water flow decays along the
depth direction. When the strength caused by the
flow is equal to the erosion resistance of the soil par-
ticles, the scour reaches an equilibrium status. There-
fore, the differences at the beginning will not affect
the final scour depth and deposition height. The
numerical model can provide reliable equilibrium
erosion depth and deposition height.

Comparing the erosion depth and accumulation
height after the erosion reaches the equilibrium
status, the numerical calculation result of the soil
sample with a particle size of 0.075 mm is approxi-
mately equal to the test results. When the median
particle size is changed to 0.25mm and 0.5mm, the
accuracy of the numerical simulation will decrease.
In general, the numerical calculation method used in
this study has higher accuracy for small-particle soil
samples than large ones. This is because the grid
node elevation in the calculation model uses the par-
ticle size as the minimum standard calculation unit.
Calculated results (erosion depth or deposit height)
less than the calculation unit would be automatically
ignored in every step. Hence, the deviation of simu-
lation results for large particles is larger than small
ones. Especially, when the particle size is 2.0mm, it
can be known from Eq. (18) that the particles will
not initiate at this time, which makes the calculated
erosion depth and deposition height 0. After dis-
turbed by the water flow, the particles may roll over
under the flow condition. Therefore, there will be
a certain erosion depth and deposition height in the
experiment but are observed smaller than the size of
a single particle.

4.2 Influence of rotating velocity

The comparisons of numerical simulation and test
results at the speed of 70rpm and 90rpm are shown
in Table 1 and Table 2. After the water flow rate
increased, the numerical calculation results for dif-
ferent particle sizes have changed to various degrees.
At the speed of 70rpm, for soil samples with particle
sizes of 0.25mm and 0.5mm, the calculation devi-
ations of the erosion depth are 5.6% and 14.3%.
When the speed is 90rpm, the deviation of the ero-
sion depth under two soil conditions becomes 5.6%

Table 1. Comparison of numerical simulation and test results at 70r/min.
Erosion depth (mm) Deposition Height (mm)
Cases Dso (mm) SSRT Simulation Deviation SSRT Simulation Deviation
| 0.075 10.5 10.5 0% 12.0 12.0 0%
2 0.25 4.5 4.25 5.6% 10.5 10.25 2.4%
3 0.5 3.5 3.0 14.3% 7.5 7.0 6.7%
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Table 2. Comparison of numerical simulation and test results at 90r/min.
Erosion depth (mm) Deposition Height (mm)
Cases Dso (mm) SSRT Simulation Deviation SSRT Simulation Deviation
4 0.25 9.0 9.5 5.6% 13.0 13.5 3.8%
5 0.5 5.0 5.5 10.0% 10.0 11.0 10.0%
and 10.0%, and the calculation accuracy is higher =~ ACKNOWLEDGEMENTS

than that under the low-velocity condition. However,
the simulation results of the deposition depth show
an opposite situation. It increased from 2.4% and
6.7% at 70rpm to 3.8% and 10% at 90rpm. Never-
theless, the maximum numerical simulation devi-
ations of both the erosion depth and the deposition
height of the two soil samples did not exceed 10%.
This verifies the reliability and applicability of the
numerical calculation method for different flow rate
conditions to a certain extent.

5 CONCLUSIONS

Based on the sediment transport model, a method for
calculating the erosion depth of particles under is
derived. From the perspective of conservation of
momentum, the migration and accumulation process
of particles after initiation is discussed. Based on
these, a preliminary numerical model for erosion at
the flow-soil interface was proposed. The calculation
model is then used for the numerical simulation of
the SSRT test, which explores the difference
between the numerical simulation results and the test
results, and draws the following conclusions:

1. The scour numerical model proposed in this study
establishes the relationship between water flow,
particle migration, and scour development under
the conditions of a three-dimensional flow field. It
performs well under most scour conditions.

2. The load loading mode of the flow field assumed
by the model is different from the practice. The
initial erosion development simulation curve is
different from the experimental one, but it does
not affect the simulation accuracy of the final ero-
sion depth and deposition depth.

3. The numerical simulation accuracy is related to the
flow field conditions and particle sizes in the
experiments. For the same flow field conditions, the
smaller the particle sizes, the higher the model’s
accuracy. With the increase of the flow rate, the
method performs well for the small particle size
soil show strong stability. For large particles, the
results of numerical calculations are generally reli-
able, except for those that will not initiate.

4. The model can study the accumulation process of
particles, which can simulate the process with
evident particle accumulation, e.g., what happens
in the SSRT test.
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